We consider closed curves on the sphere moving by the L -gradient ow of the elastic energy both with and without penalisation of the length and show short-time and long-time existence of the ow. Moreover, when the length is penalised, we prove sub-convergence to critical points.
Introduction
Similar to the classical Euler-Bernoulli beam theory in the Euclidean space, the elastic bending energy of a closed curve in an n-dimensional Riemannian manifold (M n , g) can be de ned by
where f : S → M n is a smooth immersion, ds = |∂x f |g dx is the arclength element, and κ is the geodesic curvature given by κ = ∇ M ∂s f ∂s f , i.e. the covariant derivative of ∂s f = |∂x f |g ∂x f ∈ T(f ) with respect to the Riemannian connection ∇ M . The elastic energy subject to a length constraint or with a length penalisation is de ned by E λ (f ) = E(f ) + λL(f ), (1.2) where L(f ) =ˆS ds is the total length of curve f , and λ is either a Lagrange multiplier or a positive number. Here, 'length penalisation' can also be understood as a regularisation in the sense that we can think of λ > small. While it is quite common to regularise a PDE by adding a small amount of a higher derivative, here the regularisation is geometric and results in the lower order term κ in our PDE.
Critical points of the elastic energy E λ for curves in a smooth n-dimensional Riemannian manifold (M n , g) of constant sectional curvature S are called elastica and have been studied for instance in [7] . In this situation, curves which are critical points of the energy E satisfy
where ∇ ⊥ ∂s denotes the projection of the covariant derivative ∇ M ∂s f in the ambient manifold into the subspace of tangent space TM orthogonal to ∂s f (see [7] and Remark 2.4 below). Critical points of the energy E λ satisfy the equation
∇ L E λ (f ) = (∇ ⊥ ∂s ) κ + | κ| g κ − λ κ + S κ = , (1.4) while the so-called free elastica are critical points of E with neither a length constraint nor a length penalisation, i.e., the case of λ = , e.g., see [7, § 3] , particularly in [7, Thm. 3.1] . Elastica and free elastica are interesting mathematical objects and are related not only to mechanical and physical models (c.f. [14] ), but also to imaging sciences, see for instance [10] .
In this article, we study the gradient ow of E λ for closed curves in the two-dimensional unit sphere S ⊂ R with sectional curvature S = , namely 5) where f : S × [ , T) → S is a su ciently smooth immersion and λ ≥ is a constant. A solution of (1.5) describes how an initial regular curve f (·, ) evolves over time reducing the energy E λ in the direction of the steepest descent. This type of evolution of curves was studied in the case of Euclidean space for instance in [5, 6, 12, 15] and in the hyperbolic plane in [3] . The elastic ow of open curves was studied for instance in [1, 9, 11] .
The gradient ow of E λ among planar curves and spherical curves behave di erently. To illustrate this let us consider the special case of rotationally symmetric solutions. For any constant λ > , solving explicitly the ODE describing the gradient ow of (1.4) restricted to rotationally symmetric planar curves yields solutions converging to a round circle of radius / √ λ; while for the case of λ = we nd that during the evolution rotationally symmetric curves expand to in nity¹. Now consider the ow in (1.5), restricted to rotationally symmetric spherical curves, i.e. small circles of length less than π. A short calculation² shows that the ow ends up with a circle of radius / √ λ − only if λ > ; while for the case of λ ∈ [ , ], the evolution of the rotationally symmetric curves stops at great circles, which are geodesics. From the observation of rotationally symmetric curves stated above, it seems plausible that for < λ < the ow with a topological gure-eight which is close to two parallel circles as the initial curve would evolve into a double covering of an equator. Similarly, any multiplicity should be realisable in the limit t → ∞ in this case. It is even more challenging and interesting to investigate the case of λ ≤ . We will not discuss this question in this article, but would like to leave it to a future project.
Let us state the main theorem of this article. It is still open whether the penalisation with λ > is necessary for the sub-convergence in this compact case. This question was already posed in [7] . Let us quote [7, p.13] with our notation: "In the present situation, however, it appears to be an interesting challenge to rule out the possibility that arc-length tends to in nity on a trajectory of −∇ L E λ ; in fact, this can obviously happen in the case S ≤ (M compact or not). Nevertheless, we expect that on any manifold M of positive sectional curvature (not necessarily constant), trajectories of −∇ L E λ converge, and that the limits are almost always closed geodesics."
The rest of article is organised as follows. In Section 2, we give a brief background on terminology and geometric quantities of spherical curves. In Section 3, the short time existence of smooth solutions of (1.6) is sketched. Finally, we give the proof of the long time existence of smooth solutions of (1.6) in Section 4.
The sphere and evolution of geometric quantities
It is useful to monitor several geometric quantities along the evolution. This task has been performed in a general framework in [3, § 2] and we report here all relevant results. Note that we use the same notation as in [3] 
where locally,
As in [3] , for the Riemannian curvature tensor the following sign convention is chosen 
. The sphere
In our setting the unit sphere M = S ⊂ R is a compact, isometrically embedded sub-manifold of Euclidean space. For simplicity we identify S with its embedding in R and we will extensively exploit this fact. Naturally, the sphere inherits the metric induced by the Euclidean scalar product ·, · e, hence η, ξ g = η, ξ e ∀η, ξ ∈ T(S ).
, is also a curve in R . For the arc-length we have
where | · |e is the Euclidean norm. In this work∇ denotes the Levi-Civita connection in R that is given by the standard di erentiation. The Levi-Civita connection for S is obtained by taking the tangential component of the usual di erentiation in R (after a suitable extension of the involved vector elds), i.e.
with tan the projection onto the tangent space of the sphere. This operation is easily performed since a point of the sphere gives also the direction of the normal to the tangent space at the point. Precisely, for a vector eld Z in R and at a point p ∈ S
Next, let us consider a smooth curve f : S → S ⊂ R . Obviously we have |f (x)|e = and
For convenience we use (as in [3] ) the following notation
denotes the projection onto the subspace orthogonal to ∂s f . In particular,
Let η : S → TS ⊂ R be a vector eld along f . By (2.4) we have that
Of this vector eld we are going to need the component normal to the curve, i.e. ∇ ⊥ ∂s η. To this end, let us rst introduce ∇s η, the normal component (in R ) of the derivative with respect to arc-length, that is ∇s η := ∂s η − ∂s f , ∂s η e ∂s f (cf. [5] and all other works treating the evolution of curves in R n ). Then, a simple computation (using (2.5) and (2.7)) gives that
(2.8)
For the curvature vector eld we observe that κ = ∇ ∂s ∂s f = tan(∂ss f ).
It follows immediately that great circles on the sphere have curvature zero. Next we mention a lemma that will be useful for the interpolation inequalities. Recall that the sphere is embedded isometrially, i.e. | · |e = | · |g.
Lemma 2.1. Let ϕ ∈ T(f ) be a smooth vector eld normal to f , that is ϕ, ∂s f e = . Then
Proof. The proof goes along the lines of [2, Lemma C.3] but uses now (2.8) and the fact that ϕ(x), f (x) e = since ϕ ∈ TS .
Remark 2.2. Note that if one chooses the manifold to be a sphere of arbitrary radius R then all previous considerations (and Lemma 2.1) apply with the only di erence that, since |f (x)| = R, one has to use the normalized vector when projecting onto M, that is
This fact will be important when discussing the interpolation inequalities below: it will allow us to easily extend many results obtained in the Euclidean space to the present framework.
. Evolution equations
The evolution equations of the geometric quantities are derived in full generality in [3, §2.2], therefore we give here only a list of all relevant facts. Note that we use the notation M instead of S to underline the fact that no special properties of the sphere are used. In particular, the manifold does not need to be embedded into R .
If f : S × ( , T) → (M, g) for some T > , where we equip ( , T) with the coordinate t, we set
As remarked in [3] , computations use (2.1) repeatedly as follows: for two vector elds X, Y along f :
In particular, if X, Y are additionally normal to the curve f (i.e. X, ∂s
from which the integration by parts formula for ∇ ⊥ ∂s is easily derived. 
(2.14)
For any vector eld Φ : I ×[ , T) → TM and for any vector eld N : S ×[ , T) → TM normal to f (i.e. N, ∂s f g = ) we have
In particular, 
Integration by parts gives
and hence (1.4) follows. In particular, if we consider the steepest descent ow
In order to give the evolution equations satis ed by the derivatives of the curvature some smart notation must be introduced. Here we closely follow [3] , which in turn is based on the conventions adopted in [ 
where we do not keep track of the constants λ and S since they are xed. Next we collect the evolution equations satis ed by the derivative of the curvature vector. The following lemma is crucial for the proof of the main theorem: it describes the evolution in time of the L -norm of a normal vector eld.
Lemma 2.5. Under the assumption of Lemma 2.3 we have for any m
) be a family of curves such that ∂ t f = V, where V is a vector eld normal to f . Then for any smooth normal vector eld N along f satisfying 
. Length vs. curvature for a curve on the sphere
Fenchel's Theorem in the hyperbolic plane is used in [3, § 4.2] to infer a bound from below of the length L of a curve from a bound of the L -norm of its curvature (i.e. of its elastic energy). The Fenchel Theorem however does not hold on the sphere (think of the geodesic great circles with zero curvature). In [5, (2.18)] a Poincaré inequality is used to show that L ≥ C/ κ L for some constant C > . Again an inequality of this type can not hold in our framework by the same counter example from above. However, one expects a lower bound on the total curvature of a closed curve on the sphere if its length is su ciently small as to rule out the closed geodesics. Teufel in [13] proved that for a closed curve on S it holds
This inequality is clearly sharp since both sides are zero on any equator. Let us quickly recall the proof ot this inequality. It is su cient to consider curves with length smaller than π and hence contained in a hemisphere. The idea is to rst replace the considered curve by its convex hull (on the sphere). By this operation both the total curvature and the length do not increase. Then, denoting by A the area enclosed by the convex curve, by the Gauss-Bonnet Theorem the following equality holds A +ˆ| κ| ds = π , and by the isoperimetric inequality (on the sphere)
Combining these two relations yields (2.28). As a consequence we have a bound from below on the length of a curve on the sphere when its elastic energy is bounded.
Lemma 2.9. Let f : S → S be a closed regular smooth curve such that
This result is not optimal but su cient for our purposes.
Proof. If L(f ) ≥ π there is nothing to prove. Otherwise from (2.28) and Cauchy-Schwarz inequality we get
Short time existence
In this section we will sketch the arguments for the short time existence and uniqueness of the ow. To keep the article short we restrict ourselves to smooth initial values. Proof. To show existence, we will reduce the problem to a quasilinear parabolic equation for a scalar function.
Therefore, we will use tangential projections along the curve. To avoid confusion with the projections of the embedded ambient manifold S ⊂ R we use coordinates on the sphere. Here, we apply the stereographic projection, whose domain contains the whole curve for t small enough due to continuity. Without loss of generality we may assume that ( , , ) ∉ f (S ), thus we use the stereographic projection
to obtain a suitable local description of the ow. In this chart the metric is given by g(x) = ( + |x| e ) − id R , and the Christo el symbols are
, see e.g. [8, (3.10) ]. In this chart we make the ansatzf =f + uN, where N is a smooth unit vector eld along the coordinate representationf normal tof and u : S ×[ , T) → R is a function. Our goal is to deduce a parabolic equation for the scalar function u and transformf into a solution to the elastic ow using a di eomorphism on its domain. To shorten the notation we abbreviate as in [3] the normal projection of a vector eld Φ alongf by . Whence for any vector eld Ψ = (Ψ , Ψ ) alongf = (f ,f ) we nd using (2.2) and the usual identi cation of the tangent bundle that it holds
Whence, since κ is already normal to ∂xf ,
for some smooth functions P , P : S × R × ( , ∞) which are polynomials in the latter arguments. Here we used that Π ⊥ f only contributes terms of u, ∂x u and |∂xf | − e . This will be used repeatedly in the following. We nd
and thus using (1.4) we nally nd
where P is some smooth function P : S × R → R which is a polynomial for xed x ∈ S in the latter arguments. Since Π 
where we obtained the initial value from the ansatzf =f + uN and used the de nition ofã. 
Long time existence
By the short time existence result proven in the previous section, a smooth solution to (1.6) exists on at least a small interval of time. We extend it to its maximal existence interval [ , Tmax). In order to prove the rst part of Theorem 1.1 it remains to prove that the solution is global, i.e. Tmax = ∞. This follows from a continuation argument, i.e. the fact that at nite time, using interpolation inequalities, uniform bounds of the derivatives of the curvature can be established and hence the solution can be extended. The rest of the claim of Theorem 1.1, i.e. the sub-convergence result, is a consequence of the uniform bounds on [ , ∞) of the derivatives of the curvature with respect to arc-length.
. Interpolation inequalities
Let us brie y x some notation. For a measurable function h : (S , ds) → R and
while for a normal vector eld Φ : (S , ds) → TM along f : S → M, with M as unit sphere (or sphere of some given radius R)
. These norms are motivated by some scaling invariance properties: see for instance [2, Appendix C]. It might be surprising that we consider scaling invariant norms on the sphere. One reason for this is that we consider S as embedded in R . Hence we work with the norms that are used in this context in the Euclidean space.
Also, using the properties of the connection on the sphere listed in Section 2.1 one sees that this behaves well under rescaling. That is, the connection on the sphere of radius and the one on the rescaled sphere of radius R > di ers (essentially) only by a factor /R, the main reason being that tangential spaces to rescaled points are parallel. We make this more precise in the following remark. 
(S ) this can be seen also as a vector eld on RS (η : S → T(RS )) identifying f (t) and Rf (t).

Then denoting by∇ the Levi-Civita connection on RS we nd using the notation introduced in Section 2.1 and, in particular, Remark 2.2 that
and similarly∇
With these observations, Lemma 2.1 and Remark 2.2, the arguments used in [2, Appendix C] can be adapted to the present framework (in particular the boundary terms appearing there can be ignored since we are treating closed curves) so that we can state: 
and similarly with the other terms. 
For m = this is due to the fact that (1.6) is an L -gradient ow for the energy E λ and hence the L -norm of the curvature at any time is bounded by the energy of the initial datum E λ (f ). As a consequence of this bound and Lemma 2.9, the length of the curves (f (t)) t∈[ ,Tmax) is uniformly bounded from below. This is crucial in the application of Proposition 4.5.
The bound given in (4.1) for m ≥ follows from Lemma 2.8 and the interpolation inequalities as done in [5] and in [3] . For sake of completeness we repeat some of the steps. By Lemma 2.5, Lemma 2. Conclusion. Due to the uniform estimates on f and all its derivatives on [ , Tmax) × S , we can extend the solution up to time t = Tmax. Then at time Tmax we have a C ∞ -initial datum and, by Theorem 3.1, we can restart the ow, obtaining a smooth solution in [ , Tmax + ε) for some ε > . A contradiction. Hence Tmax = ∞.
Sub-convergence for λ > : Let (t k ) k∈N be a sequence of times diverging to +∞ and (f (t k , ·)) k∈N be parametrised by constant speed equal to the length. Since now λ > and the ow reduces the energy, the length of the curves (f (t k , ·)) k∈N is uniformly bounded from above and with Lemma 2.9 also from below. Moreover, due to the chosen parametrisation (proportional to arc-length) the sequence (f (t k , ·)) k∈N is uniformly bounded in any norm and hence there exists a subsequence (t k j ) j∈N andf smooth such thatf (t k j ) →f smoothly. It remains to prove that the limit is a critical point of the elastic energy. The usual trick is to consider the function t → u(t) = |V|e L (t) with V = −∇ L E λ . By (2.24) u is integrable on [ , ∞) and thanks to the uniform bounds one sees that u is not oscillating, i.e. | d dt u(t)| ≤ C. As a consequence, u(t) → for t → ∞ and hence, due to the smooth convergence,f is a critical point of the elastic energy.
